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DOUBLE PRODUCTS AND HYPERSYMPLECTIC STRUCTURES ON R4n
ADRIA´N ANDRADA AND ISABEL G. DOTTI
Abstract. In this paper we give a procedure to construct hypersymplectic structures on R4n
beginning with affine-symplectic data on R2n. These structures are shown to be invariant by
a 3-step nilpotent double Lie group and the resulting metrics are complete and not necessarily
flat. Explicit examples of this construction are exhibited.
1. Introduction
A hypersymplectic structure on a 4n-dimensional manifold M is given by (J,E, g) where J ,
E are endomorphisms of the tangent bundle of M such that
J2 = −1, E2 = 1, JE = −EJ,
g is a neutral metric (that is, of signature (2n, 2n)) satisfying
g(X,Y ) = g(JX, JY ) = −g(EX,EY )
for all X,Y vector fields on M and the associated 2-forms
ω1(X,Y ) = g(JX, Y ), ω2(X,Y ) = g(EX,Y ), ω3(X,Y ) = g(JEX,Y )
are closed. Manifolds carrying a hypersymplectic structure have a rich geometry, the neutral
metric is Ka¨hler and Ricci flat and its holonomy group is contained in Sp(2n,R) ([8]). Moreover,
the Levi Civita connection is flat, when restricted to the leaves of the canonical foliations asso-
ciated to the product structure given by E (see [2]). Metrics associated to a hypersymplectic
structure are also called neutral hyperka¨hler (see [10]).
Hypersymplectic structures have significance in string theory. In [14], N = 2 superstring
theory is considered, showing that the critical dimension of such a string is 4 and that the
bosonic part of the N = 2 theory corresponds to self-dual metrics of signature (2, 2) (see also
[5] and [9]).
The quotient construction proved to be a powerful method to construct symplectic and hy-
perka¨hler structures on manifolds. According to [8] this method cannot be always applied in
the setting of hypersymplectic structures. Compact complex surfaces with neutral hyperkahler
metrics are biholomorphic to either complex tori or primary Kodaira surfaces and both carry
non flat neutral hyperkahler metrics, by results of Kamada (see [10]). In higher dimensions,
hypersymplectic structures on a class of compact quotients of 2-step nilpotent Lie groups were
exhibited in [6] in their search of neutral Calabi-Yau metrics.
The purpose of this paper is to give a procedure to construct hypersymplectic structures on
R4n with complete and not necessarily flat associated neutral metrics. The idea behind the
construction will be to consider the canonical flat hypersymplectic structure on R4n and then
translate it by using an appropriate group acting simply and transitively on R4n. This group
will be a double Lie group (R4n, R2n × {0}, {0} × R2n) constructed from affine data on R2n.
The most important feature achieved by this procedure is that the associated neutral metrics
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obtained will be complete and invariant by a 3-step nilpotent group of isometries (we note that
homogeneity does not necessarily imply completeness in the pseudoriemannian setting.) The
degree of nilpotency will be related to the flatness of the metric since we will show that the
neutral metric is flat if and only if the group is at most 2-step nilpotent. Moreover, we provide
explicit examples of 3-step nilpotent Lie groups admitting compact quotients and carrying in-
variant complete and non flat hypersymplectic structures. The induced metric on the associated
nilmanifold will be neutral Ka¨hler, complete, non-flat and Ricci flat.
The outline of this paper is as follows. In §2 we give to R4n a structure of a nilpotent Lie
group. Starting with a fixed symplectic structure ω on R2n which is parallel with respect to a
pair of affine structures we form the associated double Lie group (R4n, R2n×{0}, {0}×R2n) and
show that it is at most 3-step nilpotent. In §3 we consider canonical symplectic structures on
R4n, constructed from the given ω on R2n and show they are invariant by the group constructed
in §2. We analyze in §4 the geometry of the homogeneous metric obtained by using the double
Lie group structure given to R4n to translate the standard inner product of signature (2n, 2n)
on R2n ⊕ R2n. The resulting metric is hypersymplectic (hence Ricci flat), complete and not
necessarily flat. Finally, in §5, we exhibit explicitly flat and non flat complete neutral metrics on
R4n which are also Ka¨hler and Ricci flat. Complete flat hypersymplectic metrics are constructed
on 2-step nilpotent Lie groups of dimension 8n (§5.1) carrying also a closed special form in the
sense of ([6], section 2) and thus, the procedure developed in [6] may be applied to produce non
flat neutral Calabi-Yau metrics on the associated Kodaira manifolds. In §5.2, complete non flat
hypersymplectic metrics are exhibited on R8, where a particular example is given by
g =
(
−
3
2
(x′1 + x
′
3)
2 + x′2 − x
′
4
)
(dx1 + dx3)
2 + 2(x′1 + x
′
3)(dx1 + dx3)(dx2 − dx4)− x
′
1 dx1 dx
′
1
− dx1 dx
′
2 + dx2 dx
′
1 + x
′
3(dx1 dx
′
3 + dx3 dx
′
1) + (x
′
1 + 2x
′
3) dx3 dx
′
3 − dx3 dx
′
4 + dx4 dx
′
3
with respect to coordinates x1, . . . , x4, x
′
1, . . . , x
′
4. Furthermore, metrics with similar properties
can be obtained in higher dimensions.
2. Group structure on R4n
The main goal of this section will be to attach a 3-step nilpotent Lie group to data (∇,∇′, ω)
where ∇, ∇′ are affine structures on R2n compatible with a symplectic structure ω. We shall
begin by recalling some definitions which will be used throughout this article.
An affine structure (or a left symmetric algebra structure) on Rn is given by a connection ∇,
that is, a bilinear map ∇ : Rn ×Rn → Rn satisfying the following conditions:
∇xy = ∇yx,(1)
∇x∇y = ∇y∇x(2)
for all x, y ∈ Rn. If ω is a non-degenerate skew-symmetric bilinear form on Rn, the affine
structure ∇ is compatible with ω if
(3) ω(∇xy, z) = ω(∇xz, y), x, y, z ∈ R
n.
We notice that affine structures∇ on R2n compatible with ω satisfy a condition stronger than (2),
namely,
(4) ∇x∇y = 0, x, y ∈ R
2n.
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The last equation follows from
ω(∇x∇yz, w) = ω(∇wx,∇zy) = −ω(∇z∇wx, y) =
= −ω(∇w∇zx, y) = −ω(∇yw,∇xz) = −ω(∇x∇yz, w).
Let ∇ and ∇′ be two affine connections on R2n compatible with ω and assume furthermore
that ∇ and ∇′ satisfy the following compatibility condition
(5) ∇x∇
′
y = ∇y∇
′
x
for all x, y ∈ R2n.
From (5) and the compatibility of the connections with ω, we obtain the following:
(6) ∇′x∇y = ∇
′
y∇x
and
(7) ∇x∇
′
y = −∇
′
y∇x.
for all x, y ∈ R2n. Indeed, (6) follows from
ω(∇′x∇yz, w) = −ω(∇yz,∇
′
xw) = −ω(∇y∇
′
xw, z) =
= −ω(∇x∇
′
yw, z) = −ω(∇xz,∇
′
yw) = ω(∇
′
y∇xz, w),
and (7) follows from
ω(∇x∇
′
yz, w) = ω(∇y∇
′
xz, w) = ω(∇wy,∇
′
zx) = −ω(∇
′
z∇wy, x) =
= −ω(∇′w∇zy, x) = −ω(∇
′
xw,∇yz) = −ω(∇
′
x∇yz, w) = −ω(∇
′
y∇xz, w).
We shall show in the next theorem that two affine structures ∇ and ∇′ on R2n satisfying (5)
and (6) give rise to a Lie group structure on the manifold R4n such that (R4n, R2n ×{0}, {0} ×
R2n) is a double Lie group. We recall that a double Lie group is given by a triple (G,G+, G−) of
Lie groups such that G+, G− are Lie subgroups of G and the product G+×G− → G, (g+, g−)→
g+g− is a diffeomorphism (see [12]). The next result shows that the additional condition (3) of
∇ and ∇′ with a fixed ω imposes restrictions on the Lie group obtained.
Theorem 2.1. Let ∇ and ∇′ be two affine structures on R2n compatible with a symplectic form
ω and satisfying also (5). Then R2n × R2n with the product given by
(8) (x, x′) · (y, y′) = (x+ α(x′, y), β(x′, y) + y′)
where x, x′, y, y′ ∈ R2n and
(9) α(x′, y) = y +∇′yx
′ −
1
2
∇′y∇yx
′, β(x′, y) = x′ −∇x′y −
1
2
∇x′∇
′
x′y
is a 3-step nilpotent double Lie group. Furthermore, the associated Lie bracket on its Lie algebra
R2n ⊕ R2n is
(10) [(x, x′), (y, y′)] = (∇′yx
′ −∇′xy
′,∇xy
′ −∇yx
′).
Proof. Let us set R2n+ := R
2n × {0} and R2n− := {0} × R
2n. The maps α : R2n− × R
2n
+ −→ R
2n
+
and β : R2n− × R
2n
+ −→ R
2n
− satisfy the conditions
α0 = 1, αx′(0) = 0, αx′+y′ = αx′ ◦ αy′(11)
β0 = 1, βy(0) = 0, βx+y = βy ◦ βx(12)
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for all x′, y′ ∈ R2n− , x, y ∈ R
2n
+ , where we denote αx′(y) := α(x
′, y) and βy(x
′) := β(x′, y) for
x′ ∈ R2n− , y ∈ R
2n
+ . The above relations show that α is a left action of R
2n
− on R
2n
+ and β is a
right action of R2n+ on R
2n
− . These maps satisfy also the following compatibility conditions
αx′(x+ y) = αx′x+ αβxx′y, βx(x
′ + y′) = βαy′xx
′ + βxy
′.
According to [12], the product given in (8) defines a Lie group structure on R4n such that
(R4n,R2n+ ,R
2n
− ) is a double Lie group. Note that the neutral element of this group structure is
(0, 0) and the inverse of (x, x′) ∈ R4n is (α(−x′,−x), β(−x′,−x)).
Let us determine now the associated Lie algebra. Linearizing the above actions, we obtain
representations µ : R2n− −→ End(R
2n
+ ) and ρ : R
2n
+ −→ End(R
2n
− ) given by
µx′(y) =
d
dt
∣∣∣∣
0
(dαtx′)0(y), ρy(x
′) =
d
dt
∣∣∣∣
0
(dβty)0(x
′).
For α and β given in (9), we obtain that
(dαx′)0 = 1+∇
′
x′ , (dβy)0 = 1−∇y.
Hence,
µx′(y) = ∇
′
x′y, ρy(x
′) = −∇yx
′,
showing that the bracket of its Lie algebra is the one given in (10).
If ad(x,x′), x, x
′ ∈ R2n stands for the transformation given by (10), then, using that ∇ and ∇′
are torsion-free (see (1)) one has
ad(x,x′) =


∇′x′ −∇
′
x
−∇x′ ∇x


.
From (4) applied to both ∇ and ∇′, we obtain
ad2(x,x′) =


∇′x∇x′ −∇
′
x∇x
−∇x′∇
′
x′ ∇x′∇
′
x


.
Finally, using (7),
ad3(x,x′) = 0.
Hence R2n ⊕ R2n is a 3-step nilpotent Lie algebra or R2n × R2n is a 3-step nilpotent Lie group,
as claimed. 
We set the notation to be used in what follows. Since the construction of the Lie group struc-
ture on R4n in Theorem 2.1 depends on the affine structures ∇ and ∇′, we will denote this Lie
group by N∇,∇′ . The corresponding Lie algebra will be denoted n∇,∇′ and the abelian Lie sub-
algebras R2n⊕{0}, {0}⊕R2n will be denoted n+, n−, respectively. We note that (n∇,∇′ , n+, n−)
is a double Lie algebra, that is, n+ and n− are Lie subalgebras of n∇,∇′ and n∇,∇′ = n+ ⊕ n− as
vector spaces.
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Remarks. (i) The construction of the Lie algebra in Theorem 2.1 can be made without requiring
the affine structures to be compatible with a symplectic form. Indeed, if ∇ and ∇′ are affine
structures on Rm satisfying (5) and (6), then the bracket (10) defines a Lie algebra structure on
Rm ⊕ Rm such that Rm ⊕ {0} and {0} ⊕ Rm are both abelian Lie subalgebras; hence Rm ⊕ Rm
is 2-step solvable. Moreover, the centre of Rm ⊕ Rm is given by
(13) {(x, x′) ∈ Rm ⊕ Rm : ∇x = ∇
′
x = 0, ∇
′
x = ∇
′
x′ = 0}.
(ii) If ∇ is any affine structure on Rm we denote by A the associative (and commutative) algebra
obtained from Rm together with the product x.y = ∇xy, x, y ∈ R
m. In [3, 4], aff(A) denoted
the Lie algebra A ⊕ A with Lie bracket [(a, b), (c, d)] = (0, ad − bc) with a, b, c, d ∈ A. Note
that if, in (i), we take ∇′ = 0 then (5) and (6) trivially hold, obtaining in this case a semidirect
product which coincides with aff(A). This family of algebras and various geometric properties
were considered in [3, 4].
3. Invariant symplectic structures on R4n
In this section we show that n∇,∇′ carries three symplectic structures, obtained from the
symplectic form ω in R2n compatible with ∇ and ∇′. These forms, defined at the Lie algebra
level, give rise to left-invariant symplectic forms on the corresponding Lie group N∇,∇′ . Hence,
R4n inherits symplectic structures which are invariant by this nilpotent group.
First, we recall that a symplectic structure on a Lie algebra g is a non-degenerate skew-
symmetric bilinear form ω satisfying dω = 0, where
(14) dω(x, y, z) = ω(x, [y, z]) + ω(y, [z, x]) + ω(z, [x, y])
for x, y, z ∈ g.
A given symplectic form ω on R2n allows us to define the following non degenerate skew-
symmetric bilinear forms on R2n ⊕R2n:
(15)


ω1((x, x
′), (y, y′)) := ω(x, y) + ω(x′, y′),
ω2((x, x
′), (y, y′)) := −ω(x, y′) + ω(y, x′),
ω3((x, x
′), (y, y′)) := ω(x, y)− ω(x′, y′).
We show below that the above forms are closed with respect to the Lie bracket given in Theorem
2.1. Therefore, they define symplectic structures on n∇,∇′ .
Proposition 3.1. The 2-forms ω1, ω2 and ω3 are closed on n∇,∇′.
Proof. Since R2n⊕{0} and {0}⊕R2n are abelian subalgebras of n∇,∇′ , it follows that the forms
ωi, i = 1, 2, 3, are closed if and only if
(dωi)((x, 0), (y, 0), (0, z
′ )) = (dωi)((0, x
′), (0, y′), (z, 0)) = 0
for all x, y, z, x′, y′, z′ ∈ R2n. But
(dωi)((x, 0), (y, 0), (0, z
′)) = ωi([(y, 0), (0, z
′)], (x, 0)) + ωi([(0, z
′), (x, 0)], (y, 0))
= ωi((−∇
′
yz
′,∇yz
′), (x, 0)) + ωi((∇
′
xz
′,−∇xz
′), (y, 0))
and
(dωi)((0, x
′), (0, y′), (z, 0)) = ωi([(0, y
′), (z, 0)], (0, x′)) + ωi([(z, 0), (0, x
′)], (0, y′))
= ωi((∇
′
zy
′,−∇zy
′), (0, x′)) + ωi((−∇
′
zx
′,∇zx
′), (0, y′)).
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Using the expressions of ωi, i = 1, 2, 3 given in (15), we compute{
(dω1)((x, 0), (y, 0), (0, z
′)) = (dω3)((x, 0), (y, 0), (0, z
′)) = −ω(−∇′yz
′, x) + ω(∇′xz
′, y),
(dω1)((0, x
′), (0, y′), (z, 0)) = −(dω3)((0, x
′), (0, y′), (z, 0)) = −ω(∇zy
′, x′) + ω(∇zx
′, y′)
and {
(dω2)((x, 0), (y, 0), (0, z
′ )) = ω(x,∇′yz
′)− ω(y,∇xz
′),
(dω2)((0, x
′), (0, y′), (z, 0)) = −ω(∇′zy
′, x′) + ω(∇′zx
′, y′).
Since ∇ and ∇′ satisfy (1) and (3), we obtain that dωi = 0, i = 1, 2, 3. 
It follows from the definitions of the forms ωi, i = 1, 2, 3 that:
(i) the restrictions of ω1 and ω3 to n+ and n− are symplectic forms on these subalgebras;
(ii) the Lie subalgebras n+ and n− are Lagrangian subspaces of n∇,∇′ with respect to the
symplectic form ω2.
Let the form ω on R2n be given by ω = e1∧e2+e3∧e4+ · · ·+e2n−1∧e2n, where {e1, . . . , e2n}
is a fixed basis of R2n and {e1, . . . , e2n} denotes the dual basis. Let us set ej := (ej , 0) and
fj := (0, ej), j = 1, . . . , 2n. Hence {e1, . . . , e2n, f1, . . . , f2n} is a basis of R
2n⊕R2n and the forms
ωi, i = 1, 2, 3, can be written as
ω1 = e
1 ∧ e2 + · · ·+ e2n−1 ∧ e2n + f1 ∧ f2 + · · ·+ f2n−1 ∧ f2n,
ω2 = −e
1 ∧ f2 − · · · − e2n−1 ∧ f2n + e2 ∧ f1 + · · · + e2n ∧ f2n−1,
ω3 = e
1 ∧ e2 + · · ·+ e2n−1 ∧ e2n − f1 ∧ f2 − · · · − f2n−1 ∧ f2n.
3.1. Being n∇,∇′ a double Lie algebra, the endomorphism E given by E(x, y) = (x,−y) for
x, y ∈ R2n is a product structure on n∇,∇′, that is, E
2 = 1 and E is integrable, in the sense that
it satisfies the condition
(16) E[(x, x′), (y, y′)] = [E(x, x′), (y, y′)] + [(x, x′), E(y, y′)]− E[E(x, x′), E(y, y′)].
for all x, x′, y, y′ ∈ R2n. We note that the integrability of E is equivalent to n+ and n−, the
eigenspaces corresponding to the eigenvalues ± of E, being Lie subalgebras of n∇,∇′. Moreover,
since n+ and n− have equal dimension, E is a paracomplex structure on n∇,∇′.
The symplectic form ω2 satisfies
ω2(E(x, x
′), E(y, y′)) = −ω2((x, x
′), (y, y′))
for all x, x′, y, y′ ∈ R2n. Therefore, {n∇,∇′ , E, ω2} is an example of a paraka¨hler Lie algebra in
the sense of Kaneyuki (see [11]).
Another endomorphism on n∇,∇′ related to its decomposition as a double Lie algebra is given
by J(x, y) = (−y, x) for x, y ∈ R2n. The endomorphism J is a complex structure on n∇,∇′, that
is, J2 = −1 and J is integrable, i.e., it satisfies
(17) J [(x, x′), (y, y′)] = [J(x, x′), (y, y′)] + [(x, x′), J(y, y′)] + J [J(x, x′), J(y, y′)]
for all x, x′, y, y′ ∈ R2n. We note that JE = −EJ , and therefore {J,E} is a complex product
structure on n∇,∇′ (see [3]).
The symplectic form ω1 satisfies
ω1(J(x, x
′), J(y, y′)) = ω1((x, x
′), (y, y′))
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for all x, x′, y, y′ ∈ R2n. Hence, ω1 is a Ka¨hler form on n∇,∇′ .
4. Induced geometry on R4n
In this section we analyze the properties of the metric on the manifold R4n obtained by
left-translating by the Lie group N∇,∇′, the standard inner product of signature (2n, 2n) on
R2n⊕R2n. We show that this metric is always complete and it is flat if and only if the Lie group
N∇,∇′ is 2-step nilpotent (see Theorem 4.2 and Theorem 4.3). Furthermore, this metric on R
4n
is hypersymplectic with respect to the structures J and E defined previously; in particular, it
is neutral Ka¨hler and Ricci-flat. Explicit examples will be given in subsequent sections.
Let us define a bilinear form g on n∇,∇′ by
(18) g((x, x′), (y, y′)) = −ω(x, y′) + ω(x′, y)
for all (x, x′), (y, y′) ∈ n∇,∇′ . It is clearly symmetric and non degenerate. With respect to the
basis {e1, . . . , e2n, f1, . . . , f2n}, g can be written as
g = 2
(
−e1 · f2 − · · · − e2n−1 · f2n + e2 · f1 + · · ·+ e2n · f2n−1
)
,
where · denotes the symmetric product of 1-forms. Moreover, g satisfies the two following
conditions:
g(J(x, x′), J(y, y′)) = g((x, x′), (y, y′))(19)
g(E(x, x′), E(y, y′)) = −g((x, x′), (y, y′))(20)
for x, x′, y, y′ ∈ R2n. Indeed,
g(J(x, x′), J(y, y′)) = g((−x′, x), (−y′, y))
= −ω(−x′, y) + ω(x,−y′)
= g((x, x′), (y, y′))
and
g(E(x, x′), E(y, y′)) = g((x,−x′), (y,−y′))
= ω(x, y′)− ω(x′, y)
= −g((x, x′), (y, y′)).
Thus, g is a Hermitian metric on n∇,∇′ with respect to both structures J and E.
We note that the subalgebras n+ and n− are both isotropic subspaces of n∇,∇′ with respect
to g and this metric has signature (2n, 2n). Moreover, it is easy to verify that the 2-forms ω1, ω2
and ω3 can be recovered from g and the endomorphisms J and E. Indeed we have
(21)


ω1((x, x
′), (y, y′)) = g(J(x, x′), (y, y′)),
ω2((x, x
′), (y, y′)) = g(E(x, x′), (y, y′)),
ω3((x, x
′), (y, y′)) = g(JE(x, x′), (y, y′)).
The endomorphisms J and E of n∇,∇′ , as well as the 2-forms ω1, ω2 and ω3 and the metric g
can be extended to the group N∇,∇′ by left translations. Hence, N∇,∇′ is equipped with:
(1) a complex structure J and a product structure E such that JE = −EJ ;
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(2) a (pseudo) Riemannian metric g such that
g(J(x, x′), J(y, y′)) = g((x, x′), (y, y′)),
g(E(x, x′), E(y, y′)) = −g((x, x′), (y, y′))
for all x, x′, y, y′ ∈ Γ(T(N∇,∇′));
(3) three symplectic forms ω1, ω2 and ω3 which satisfy (21).
To summarize, we have obtained
Theorem 4.1. The nilpotent Lie group N∇,∇′ carries a left-invariant hypersymplectic structure
given by the 3-tuple {J,E, g}.
In particular, (N∇,∇′ , J, g) is a (neutral) Ka¨hler manifold and g is a Ricci-flat metric. Note
also that E is a product structure on N∇,∇′ and hence, there is a decomposition of T(N∇,∇′)
into the Whitney sum of two involutive distributions of the same rank which are interchanged
by J .
Remark. The leaves of both foliations given by E are Lagrangian submanifolds of the symplectic
manifold (N∇,∇′ , ω2). Hence, N∇,∇′ is an example of a homogeneous paraka¨hler manifold (see
[11]).
4.1. Curvature and completeness of g. Since g is left-invariant, the Levi-Civita connection
∇g can be computed on left-invariant vector fields, i.e., on the Lie algebra n∇,∇′. After a
computation one finds that
(22) ∇g(x,x′) =


∇x +∇
′
x′ 0
0 ∇x +∇
′
x′


.
One can verify, using the above expression of ∇g, that J and E are parallel with respect to
the Levi-Civita connection.
We will show next that this connection need not be flat. If R denotes the curvature of ∇g, it
is easily seen (using (4)) that R((x, 0), (y, 0)) = R((0, x′), (0, y′)) = 0. Moreover,
R((x, 0), (0, y′)) = ∇g(x,0)∇
g
(0,y′) −∇
g
(0,y′)∇
g
(x,0) −∇
g
(−∇′xy
′,∇xy′)
and using (22) together with (1), (5) and (7) one obtains
R((x, 0), (0, y′)) = 4


∇x∇
′
y′ 0
0 ∇x∇
′
y′


= −4 ad[(x,0),(0,y′)] .
Since R and the Lie bracket are skew-symmetric, one finally obtains
R((x, x′), (y, y′)) = −4 ad[(x,x′)(y,y′)],
thus showing that ∇g will be flat if and only if N∇,∇′ is 2-step nilpotent. Note also that
(23) R = 0 if and only if ∇x∇
′
y = 0
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for all x, y ∈ R2n. Summing up, we have shown
Theorem 4.2. The following conditions are equivalent:
(i) The Lie algebra n∇,∇′ is 2-step nilpotent;
(ii) ∇x∇
′
y = 0 for all x, y ∈ R
2n;
(iii) The hypersymplectic metric is flat.
We end this section studying the completeness of ∇g. It follows from [7] that ∇g will be
complete if and only if the differential equation on n∇,∇′
(24) x˙(t) = adg
x(t) x(t)
admits solutions x(t) ∈ g defined for all t ∈ R. Here adgx means the adjoint of the transformation
adx with respect to the metric g. It is easy to verify that the right hand side of (24) is given by
adg
x(t) x(t) = −∇
g
x(t)x(t) for all t in the domain of x and thus we have to solve the equation
(25) x˙(t) = −∇g
x(t)x(t)
The curve x(t) on n∇,∇′ can be written as x(t) = (a(t), b(t)), where a(t), b(t) ∈ R
2n are smooth
curves on R2n. Hence, using (22), equation (25) translates into the system
(26)
{
a˙ = −∇aa−∇
′
ba,
b˙ = −∇ab−∇
′
bb.
Let us differentiate the first equation of the system above. We have
a¨ = −2∇aa˙−∇
′
ab˙−∇
′
ba˙
= 2∇a∇aa+ 2∇a∇
′
ab+∇
′
a∇ab+∇
′
a∇
′
bb+∇
′
b∇aa+∇
′
b∇
′
ab
= 0
using (4), (5), (6) and (7). In the same fashion, we differentiate the second equation of (26) and
obtain
b¨ = −∇ab˙−∇ba˙− 2∇
′
bb˙
= ∇a∇ab+∇a∇
′
bb+∇b∇aa+∇b∇
′
ab+ 2∇
′
b∇ab+ 2∇
′
b∇
′
bb
= 0
using again (4), (5), (6) and (7). Thus, there exist constant vectors A,B,C,D ∈ R2n such that
a(t) = At+B, b(t) = Ct+D.
The explicit solution of the system (26) with initial condition x(0) = (a0, b0) is given by
a(t) = (−∇a0a0 −∇
′
a0
b0)t+ a0, b(t) = (−∇a0b0 −∇
′
b0
b0)t+ b0.
Therefore, x(t) is defined for all t ∈ R and, in consequence, ∇g is complete. Thus, we have
obtained
Theorem 4.3. Hypersymplectic metrics on n∇,∇′ are always complete.
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Remark. The completeness of ∇g could have been dealt with in the following manner when
∇g is flat. In this case, from results in [15] we obtain that the completeness follows if the
transformation (x, x′)→ ∇g(x,x′)(y, y
′) is nilpotent for every (y, y′). But, using (22) one finds
(27) ∇g(y, y′) =


∇y ∇
′
y
∇y′ ∇
′
y′


.
Using (4) and (23) one shows that ∇g(y, y′)2 = 0 and hence the completeness follows.
5. Explicit examples
In this section we will consider particular cases of the constructions given previously.
In the first one we give explicit affine structures ∇ and ∇′ such that the resulting group is
8n-dimensional, 2-step nilpotent and with a 4n-dimensional centre invariant by the complex
structure. It also admits compact quotients, hence the associated nilmanifolds are Kodaira
manifolds (see [6]). In this case the hypersymplectic metric obtained on the group is complete
and flat, hence it is isometric to the standard one. On the other hand this Lie group carries a
closed special form in the sense of ([6], section 2) and thus, the procedure developed in [6] may
be applied to produce non flat Ka¨hler Ricci-flat metrics on this family of Kodaira manifolds.
In the second one we give a 3-parameter family ∇ and ∇′a,b,c on R
4 satisfying all the re-
quirements to obtain a 3-step nilpotent group structure on R8. In this case the hypersymplectic
metric obtained on R8 will be complete and non flat. Moreover, the bracket relations will show
that compact quotients can be obtained. This example can be generalized to higher dimensions,
thus obtaining complete non flat hypersymplectic metrics on R4n, n ≥ 2, invariant by a 3-step
nilpotent Lie group.
5.1. Neutral Ka¨hler Einstein metrics on Kodaira manifolds. Let us consider on R4n =
span{e1, . . . , e4n} the flat torsion-free connections ∇ and ∇
′ given by{
∇eiei = ei+1, i odd, 1 ≤ i ≤ 2n,
∇ejek = 0, otherwise
and {
∇′eiei = ei+1, i odd, 2n+ 1 ≤ i ≤ 4n,
∇′ejek = 0, otherwise.
Clearly, ∇∇′ = 0 = ∇′∇. Also, it is easy to see that both connections are compatible with the
standard symplectic form ω on R4n given by ω = e1 ∧ e2 + e3 ∧ e4 + · · ·+ e4n−1 ∧ e4n.
We can form then the 8n-dimensional Lie algebra n∇,∇′ as in previous sections. It has a basis
{ei, fi : i = 1, . . . , 4n} where ei = (ei, 0) and fi = (0, ei) and the only non-zero Lie brackets are
[ei, fi] =
{
fi+1, i odd, 1 ≤ i ≤ 2n,
−ei+1, i odd, 2n+ 1 ≤ i ≤ 4n.
Let N∇,∇′ denote the simply connected Lie group associated to the Lie algebra n∇,∇′ . Since the
structure constants are 0, 1 or −1, by Malcev’s theorem [13], there exists a discrete subgroup
Γ of N∇,∇′ such that MΓ := N∇,∇′/Γ is compact. Using (13), we obtain that the centre z of
DOUBLE PRODUCTS AND HYPERSYMPLECTIC STRUCTURES ON R4n 11
n∇,∇′ is given by z = span{ei, fi : i is even}, showing in particular that this Lie group is 2-step
nilpotent and z is 4n-dimensional and stable under the action of J . Therefore, the nilmanifold
MΓ is an 8n-dimensional Kodaira manifold (see [6]).
According to the results in §4, N∇,∇′ carries a left-invariant hypersymplectic structure, which
is flat since N∇,∇′ is 2-step nilpotent (see Theorem 4.2). Besides, since the centre z is, with
respect to ω1, a Lagrangian subspace, the symplectic form ω1 on the Lie group induces a closed
special 2-form on MΓ. The method described in [6] can be applied in this case to produce
Ricci-flat neutral Ka¨hler metrics on MΓ.
We note that z is a special Lagrangian subspace of n∇,∇′ with respect to the J-holomorphic
form Φ = (ω2 + iω3)
2n. This gives rise to special Lagrangian submanifolds on the symplectic
manifold MΓ.
The Levi-Civita connection ∇g of the hypersymplectic metric g on the group N∇,∇′ is given
by 

∇geiei = ei+1, i odd, 1 ≤ i ≤ 2n,
∇geifi = fi+1, i odd, 1 ≤ i ≤ 2n,
∇gfiei = ei+1, i odd, 2n+ 1 ≤ i ≤ 4n,
∇gfifi = fi+1, i odd, 2n + 1 ≤ i ≤ 4n,
and 0 in all the other possibilities. Note that we have the relations z = span{∇gxy : x, y ∈ n∇,∇′}
and ∇gx = 0 for x ∈ z. Hence, Proposition 4.1 in [6] can be applied, obtaining neutral Calabi-
Yau metrics on compact quotients of the cotangent bundle of N∇,∇′.
5.2. Complete, non flat, neutral Ka¨hler Einstein metrics on R8. We will consider next
R4 = span{e1, . . . , e4} equipped with two affine structures ∇ and ∇
′ given by
∇e1 = ∇e3 =


1 0 1 0
0 −1 0 1
−1 0 −1 0
0 −1 0 1

 ,
∇e2 =


0 0 0 0
−1 0 −1 0
0 0 0 0
−1 0 −1 0

 , ∇e4 =


0 0 0 0
1 0 1 0
0 0 0 0
1 0 1 0

 ,
and
∇′e1 =


a 0 a 0
b −a c a
−a 0 −a 0
c −a −b+ 2c a

 , ∇′e2 =


0 0 0 0
−a 0 −a 0
0 0 0 0
−a 0 −a 0

 ,
∇′e3 =


a 0 a 0
c −a −b+ 2c a
−a 0 −a 0
−b+ 2c −a −2b+ 3c a

 , ∇′e4 =


0 0 0 0
a 0 a 0
0 0 0 0
a 0 a 0


for a, b, c ∈ R. One can verify easily that ∇ and ∇′ satisfy equation (3) with respect to the
symplectic form ω = e1 ∧ e2+ e3 ∧ e4 on R4. In order to see that the compatibility condition (5)
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holds, we observe that
(28) ∇ej∇
′
ek
=


0 0 0 0
−b+ c 0 −b+ c 0
0 0 0 0
−b+ c 0 −b+ c 0


for (j, k) = (1, 1), (1, 3), (3, 1), (3, 3) and ∇ej∇
′
ek
= 0 otherwise. From results in §2, we may
construct the 8-dimensional nilpotent Lie group N∇,∇′ (see Theorem 2.1), whose underlying
manifold is R4 × R4. The group structure is as follows
(x, x′) · (y, y′) = (x+ α(x′, y), β(x′, y) + y′),
where α and β are given, in terms of their components, by
α1(x
′, y) = y1 + a(y1 + y3)(x
′
1 + x
′
3)
α2(x
′, y) = y2 + (by1 − ay2 + cy3 + ay4)x
′
1 − a(y1 + y3)x
′
2
+(cy1 − ay2 + (−b+ 2c)y3 + ay4)x
′
3
+a(y1 + y3)x
′
4 +
1
2 (−b+ c)(y1 + y3)
2(x′1 + x
′
3)
α3(x
′, y) = y3 − a(y1 + y3)(x
′
1 + x
′
3)
α4(x
′, y) = y4 + (cy1 − ay2 + (−b+ 2c)y3 + ay4)x
′
1 − a(y1 + y3)x
′
2
+((−b+ 2c)y1 − ay2 + (−2b+ 3c)y3 + ay4) x
′
3
+a(y1 + y3)x
′
4 +
1
2 (−b+ c)(y1 + y3)
2(x′1 + x
′
3)
β1(x
′, y) = x′1 − (x
′
1 + x
′
3)(y1 + y3)
β2(x
′, y) = x′2 + (x
′
2 − x
′
4)(y1 + y3) + (x
′
1 + x
′
3)(y2 − y4)
−12(−b+ c)(x
′
1 + x
′
3)
2(y1 + y3)
β3(x
′, y) = x′3 + (x
′
1 + x
′
3)(y1 + y3)
β4(x
′, y) = x′4 + (x
′
2 − x
′
4)(y1 + y3) + (x
′
1 + x
′
3)(y2 − y4)
−12(−b+ c)(x
′
1 + x
′
3)
2(y1 + y3).
We know from §4 that N∇,∇′ carries an invariant hypersymplectic structure whose associated
neutral metric is complete (Theorem 4.3). Moreover, using (23) and (28), we may conclude that if
b = c, then n∇,∇′ is 2-step nilpotent and the hypersymplectic metric is flat, whereas if b 6= c, then
n∇,∇′ is 3-step nilpotent and the hypersymplectic metric is not flat. Note that taking a, b, c ∈ Q,
the structure constants of n∇,∇′ with respect to the canonical basis {e1, . . . , e4, f1, . . . f4} of n∇,∇′
are rational, and thus there exists a discrete co-compact subgroup of N∇,∇′ [13]. The complete
non flat hypersymplectic metric on the Lie group induces a metric with the same properties on
the associated compact quotient.
The Lie group N∇,∇′ is diffeomorphic to R
8, hence there exists a global system of coordinates
x1, . . . , x4, x
′
1 . . . , x
′
4 such that the left-invariant 1-forms dual to the basis {e1, . . . , e4, f1, . . . , f4}
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are given as follows
e1 =
(
1− a(x′1 + x
′
3)
)
dx1 − a(x
′
1 + x
′
3) dx3
e2 = (−bx′1 + ax
′
2 − cx
′
3 − ax
′
4) dx1 +
(
1 + a(x′1 + x
′
3)
)
dx2
+
(
−cx′1 + ax
′
2 − (−b+ 2c)x
′
3 − ax
′
4
)
dx3 − a(x
′
1 + x
′
3) dx4
e3 = a(x′1 + x
′
3) dx1 +
(
1 + a(x′1 + x
′
3)
)
dx3
e4 =
(
−cx′1 + ax
′
2 − (−b+ 2c)x
′
3 − ax
′
4
)
dx1 + a(x
′
1 + x
′
3) dx2
+
(
−(−b+ 2c)x′1 + ax
′
2 − (−2b+ 3c)x
′
3 − ax
′
4
)
dx3 +
(
1− a(x′1 + x
′
3)
)
dx4
f1 = (x′1 + x
′
3) dx1 + (x
′
1 + x
′
3) dx3 + dx
′
1
f2 =
(
−12(−b+ c)(x
′
1 + x
′
3)
2 − x′2 + x
′
4
)
dx1 − (x
′
1 + x
′
3) dx2
+
(
−12(−b+ c)(x
′
1 + x
′
3)
2 − x′2 + x
′
4
)
dx3 + (x
′
1 + x
′
3) dx4 + dx
′
2
f3 = −(x′1 + x
′
3) dx1 − (x
′
1 + x
′
3) dx3 + dx
′
3
f4 =
(
−12(−b+ c)(x
′
1 + x
′
3)
2 − x′2 + x
′
4
)
dx1 − (x
′
1 + x
′
3) dx2
+
(
−12(−b+ c)(x
′
1 + x
′
3)
2 − x′2 + x
′
4
)
dx3 + (x
′
1 + x
′
3) dx4 + dx
′
4
The Ka¨hler form ω1 on n∇,∇′ is ω1 = e
1∧e2+e3∧e4+f1∧f2+f3∧f4 and the hypersymplectic
metric g is given by
g = −e1 ⊗ f2 + e2 ⊗ f1 − e3 ⊗ f4 + e4 ⊗ f3 + f1 ⊗ e2 − f2 ⊗ e1 + f3 ⊗ e4 − f4 ⊗ e3.
In the particular case a = 0, b = 1, c = 0, we obtain that
g =
(
−
3
2
(x′1 + x
′
3)
2 + x′2 − x
′
4
)
(dx1 + dx3)
2 + 2(x′1 + x
′
3)(dx1 + dx3)(dx2 − dx4)− x
′
1 dx1 dx
′
1
− dx1 dx
′
2 + dx2 dx
′
1 + x
′
3(dx1 dx
′
3 + dx3 dx
′
1) + (x
′
1 + 2x
′
3) dx3 dx
′
3 − dx3 dx
′
4 + dx4 dx
′
3
is a complete non flat Ka¨hler Ricci-flat neutral metric on R8 .
6. Final comments and questions
We note that the complex structure J defined in n∇,∇′ satisfies the condition [Jx, Jy] = [x, y]
for all x, y ∈ n∇,∇′, which implies the integrability of J . An almost complex structure J on a
Lie algebra g satisfying [Jx, Jy] = [x, y] for all x, y ∈ g is called abelian. We also observe that E
satisfies a similar condition, [Ex,Ey] = −[x, y] for all x, y ∈ n∇,∇′ , which implies the integrability
of E. An almost product structure E on a Lie algebra g satisfying [Ex,Ey] = −[x, y] for all
x, y ∈ g will be called abelian. Related to these notions we have the following characterization:
Proposition 6.1. Let {J,E} be a complex product structure on the Lie algebra g and let
(g, g+, g−) be the associated double Lie algebra, i.e., g+ and g− are the Lie subalgebras of g
such that E|g+ = 1, E|g− = −1. Then the following assertions are equivalent:
(i) J is an abelian complex structure.
(ii) The Lie subalgebras g+ and g− are abelian;
(iii) If A+ and A− denote the annihilators of g+ and g−, respectively, in g
∗, then dA+ ⊂
A+ ⊗A−, dA− ⊂ A+ ⊗A−, where d: g
∗ −→
∧2
g∗ is given by (df)(x ∧ y) = −f([x, y]).
(iv) E is an abelian product structure.
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Proof. (i)⇐⇒ (ii) Assume first that J is abelian. If x, y ∈ g+ then [x, y] ∈ g+ and [Jx, Jy] ∈ g−
since g+ and g− are subalgebras. But then [x, y] = [Jx, Jy] ∈ g+ ∩ g− = {0}, and thus
[x, y] = [Jx, Jy] = 0 for all x, y ∈ g+. Thus, g+ and g− are abelian.
Conversely, suppose that g+ and g− are abelian. For u, v ∈ g+ or u, v ∈ g−, from the
integrability of J we obtain [Ju, v]+ [u, Jv] = J [u, v]−J [Ju, Jv] = 0. If x = x1+x2, y = y1+y2
with x1, y1 ∈ g+, x2, y2 ∈ g−, then
J([Jx, Jy]− [x, y]) = [Jx1 + Jx2, y1 + y2] + [x1 + x2, Jy1 + Jy2]
= [Jx1, y1] + [Jx2, y2] + [x1, Jy1] + [x2, Jy2]
= ([Jx1, y1] + [x1, Jy1]) + ([Jx2, y2] + [x2, Jy2])
= 0
and thus J is abelian.
(ii)⇐⇒ (iii) Suppose first that g+ and g− are abelian. Take f ∈ A+, which is the annihilator
of g−. It is known that df ∈
∧2
A+ ⊕ A+ ⊗ A− (see [3]), so we only have to see that the
component of (df) in
∧2
A+ is zero. For x, y ∈ g+, we have
(df)(x ∧ y) = −f([x, y]) = 0,
showing that df ∈ A+ ⊗ A−. The corresponding assertion for f ∈ A− follows in a similar
manner.
Conversely, if (iii) is valid, take f = f1 + f2 ∈ g
∗ with f1 ∈ A+, f2 ∈ A−, and x, y ∈ g+ or
U, V ∈ g−. Then
f([x, y]) = −(df)(x ∧ y) = −(df1)(x ∧ y)− (df2)(x ∧ y) = 0,
since df1, df2 ∈ A+ ⊗A−. Then [x, y] = 0 and both g+ and g− are abelian.
(ii)⇐⇒ (iv) This follows by a straightforward computation. 
If one of the conditions in the proposition above holds, we will say that the complex product
structure {J,E} is abelian. We will say that a hypersymplectic structure is abelian when the
underlying complex product structure is abelian.
Using the previous proposition and Theorems 3.4 and 3.5 in [1] one can show that any Lie
algebra carrying an abelian hypersymplectic structure is of the form given in Theorem 2.1., that
is, a double product of two abelian Lie algebras endowed with compatible affine structures and
symplectic forms. Furthermore, we showed in previous sections that in this case the Lie algebra
is nilpotent and also the neutral metric is always complete and not necessarily flat. It would
be of interest to know geometric properties of neutral metrics compatible with {J,E}, J and E
abelian, without imposing the condition on the associated forms being closed.
We also believe of interest to proceed as we did in this paper, carrying out the construction
of double Lie groups from affine-symplectic data on another class of Lie groups (not necessarily
abelian) and then understand the properties of the resulting hypersymplectic manifold.
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